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Abstract: The optimal design of the thrust vector control system of solid rocket motors (SRMs)
is discussed. The injection of a supersonic underexpanded gas jet into the diverging part of the
rocket engine nozzle is considered, and multiparameter optimization of the geometric shape of the
injection nozzle and the parameters of jet injection into a supersonic flow is developed. The turbulent
flow of viscous compressible gas in the main nozzle and injection system is simulated with the
Reynolds-averaged Navier–Stokes (RANS) equations and shear stress transport (SST) turbulence
model. An optimization procedure with the automatic generation of a block-structured mesh and
conjugate gradient method is applied to find the optimal parameters of the problem of interest.
Optimization parameters include the pressure ratio of the injected jet, the angle of inclination of the
injection nozzle to the axis of the main nozzle, the distance of the injection nozzle from the throat of
the main nozzle and the shape of the outlet section of the injection nozzle. The location of injection
nozzle varies from 0.1 to 0.9 with respect to the length of the supersonic part of the nozzle; the angle
of injection varies from 30 to 160 degrees; and the shape of the outlet section of the injection nozzle is
an ellipse with an aspect ratio that varies from 0.1 to 1. The computed fluid flow in the combustion
chamber is compared with experimental and computational results. The dependence of the thrust as
a function of the injection parameters is obtained, and conclusions are made about the effects of the
input parameters of the problem on the thrust coefficient.
Keywords: engine; optimization; thrust vector control; nozzle; jet; computational fluid dynamics
1. Introduction
To control the movement of aircraft in accordance with the required trajectory, it is
necessary to be able to change the magnitude and direction of the velocity vector in flight,
as well as the orientation of the aircraft axes in space. Different thrust vector control (TVC)
systems for solid propellant rocket motors (SRMs) based on various principles are classified
in Figure 1. Thrust vector control with the injection of the gas jet into a nozzle is relatively
simple without the need for high-temperature sealing due to the structural decoupling of
the SRM nozzle from the TVC system, reducing the thermal loading [1,2].
To create a control force in rocket engines, gas injection into the supersonic part
of the nozzle is used [3,4]. The generated control force consists of two components,
the thrust of the injection nozzle and the force applied to the walls of the main nozzle
and arising from the redistribution of the pressure in the region of the interaction of the
flows [5]. The magnitude of the control force depends on the location of the injection hole,
the injection angle and the pressure ratio of the injection nozzle. The shape and intensity
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of the disturbed zone are influenced by the flow rate and the parameters of the main flow,
the flow rate and thermodynamic properties of the injected substance, as well as possible

















































































































































































































Figure 1. Thrust vector control systems for solid propellant rocket motors.
Many experimental, theoretical and numerical studies have been performed in the
past few years to improve the current understanding of complex flows in the combustion
chamber of an SRM. The accuracy and reliability of the computational results is affected
by the choice of the turbulence model and the computational methods. The one-equation
turbulence models allow obtaining a good agreement between the experimental and
computational results of the mean flowfield at a low injection rate [7]. However, one-
equation turbulence models overpredict the intensity of the turbulence. To achieve a
better agreement between the experimental and computational data at a high injection
rate, two-equation turbulence models were applied in [8] for a nozzleless SRM. These
models provide more accurate results in terms of the intensity of the turbulence and the
axis velocity distributions. In order to capture the viscous flow physics, the axisymmetric
Navier–Stokes equations and the k–ε turbulence model equations were solved in [9,10] to
resolve the flowfield near the mass-injecting propellant surface and wall regions. The large-
eddy simulation of the effect of the high injection rate on the boundary layer development
was investigated in [8].
The methods of computational fluid dynamics (CFD) are extensively used in the solid
design and optimization of TVC. A multidisciplinary design and optimization approach
to optimize the nozzle, combustion chamber and solid fuel charge was developed in [11]
based on the use of analytical expressions (the mass of the charge was minimized). Mul-
tiparameter optimization based on the application of the thermodynamic approach to
the calculation of the flow parameters was carried out in [12]. To optimize the shape of
the nozzle to provide the maximum thrust, the results of the simulation of flows of an
inviscid and viscous compressible gas were applied in [9,10]. The flow in the nozzle and the
stress–strain state of the nozzle walls (coupled modeling) associated with the occurrence of
asymmetric loads were discussed in [13].
The experimental data from [14,15] showed that the most effective, from the point
of view of thrust vector control, is the location of the injection hole from the main nozzle
outlet at a distance of about 20–30% of the length of its supersonic part. In overexpansion
modes, the flow is separated from the walls. The cases when flow separation occurs behind
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the injection hole and in front of the injected jet are of particular interest. In some cases,
it is possible to obtain a negative control force (reversed thrust). The influence of the angle
of injection of a jet into a supersonic flow on the intensity and mixing rate of flows was
considered in [16].
The influence of the shape of the injector outlet section (round, square, diamond-
shaped, triangular) on the vortex structure of the flow in the channel, the mixing mechanism
and the stabilization of the combustion process was discussed in [17–20]. The shape of
the outlet section of the injector has a relatively weak effect on the mixing efficiency in
a wide range of pressure ratios, varying from 1.5% at low-pressure ratios in the injected
and main flow to 5.4% at high-pressure ratios (injection of a hydrogen jet into the air flow).
The width of the slotted nozzle varies from 0.1 to 0.5 mm, which at a fixed pressure ratio
leads to a change in the length of the recirculation zone and the depth of penetration of
the jet into the supersonic flow in a close to linear relationship [21]. The optimization of
the injection parameters carried out in [20] (injection of a sonic jet from the surface of a flat
plate into a supersonic flow with a Mach number of 3.5) included the choice of the pressure
ratio in the injected jet and in the main flow, the position of the injection hole, the injection
angle, the size of the injection hole and the molecular weight of the injected gas. In [22],
the calculations were carried out with the RNG (Re-Normalization Group) k–ε turbulence
model. The jet was injected into the supersonic part of the nozzle through holes located
at a distance of 3.5d∗, 6d∗, and 7.5d∗ from the critical section of the main nozzle with a
diameter of d∗.
The interaction of an oblique shock wave, formed as a result of the interaction of a
supersonic flow in a channel with an inclined rib, with an injected jet was discussed in [23].
The geometric model corresponded to that used in the experimental study [15], and the
calculations were carried out at low- (with the RNG k–ε model) and high- (with the SST
model) pressure ratios [21]. Calculations with the SST turbulence model were also carried
out in [24] at high-flow temperatures. Various turbulence models were compared with
the measured data in [25]. The injection of a stationary and pulsed jet from the surface
of a flat plate into a supersonic flow was investigated in [26,27], and the injection of a jet
into the supersonic part of the nozzle was studied in [28]. A large-eddy simulation of
transverse jet injection into a supersonic flow was performed in [29]. The effects of different
injection schemes on a transverse jet in a supersonic crossflow were discussed in [30–32].
The implementation of the required value of the control force at the minimum flow rate
of the injected gas was carried out when the injection hole was located at a distance of
0.3–0.4 of the length of the main nozzle from its outlet and the injection angle was 110–130◦
towards the nozzle axis towards the flow [33,34].
The combined CFD and multidesign optimization method with the data mining
method, variance analysis method and extreme difference analysis was applied to solve
various design problems in scramjet engines with multiple objective functions [35,36].
Although many experimental and computational studies have been performed,
the information about the transverse injection flowfield has not been explored to quantify
the thrust and improve the mixing process between the injected gas and the main nozzle
flow. In this study, the interaction of a transverse jet with a supersonic flow in a nozzle is
considered, and the problem of the multiparameter optimization of the operation of jet
thrust vector controls is solved. The influence of the parameters of the problem, such as
the pressure ratio of the injected jet, the angle of inclination of the injection nozzle to the
axis of the main nozzle, the distance of the injection nozzle from the critical section of the
main nozzle and the shape of the outlet section of the injection nozzle, on the coefficient of
the amplification of the nozzle thrust is discussed. The developed approach allows finding
the most effective combination of the product parameters. The relationships between
the objective function of the independent variables are described by the Navier–Stokes
equations and the equations of the turbulence model, while the relationships connecting
the target and independent variables are nonlinear.
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An unsteady complex three-dimensional flowfield was induced in the main nozzle
when a secondary gas jet was injected. The resulting flowfield is characterized by the for-
mation of a bow shock, a Mach disc, a boundary layer separation upstream of the injection
port and its reattachment downstream of the injection port. A series of CFD simulations
were conducted to demonstrate the thrust vectoring with gas injection system’s ability to
control the orientation of the solid propellant engine. The motivation of the study came
from the requirement of improving the current understanding and modeling capabilities
of complex flows in TVC. The paper is organized as follows. The governing equations
are presented in Section 2. The details of the optimization procedure are presented in
Section 3. The geometric model of the thrust vector control system with gas injection and
the details of mesh are discussed in Sections 4 and 5. The numerical method used in the
CFD calculations is presented in Section 6. The results obtained are reported and analyzed
in Section 7. Conclusions are drawn in Section 8.
2. Governing Equations
The in-house compressible CFD code was used to perform the numerical calculations.
The working substance was air, which was treated as a perfect gas.
In Cartesian coordinates (x, y, z), the unsteady three-dimensional viscous compressible
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Here, t is the time, ρ is the density, vx, vy, and vz are the velocity components in the x,
y, and z directions, p is the pressure, e is the total energy per unit mass, T is the temperature
and γ is the ratio of the specific heat capacities.
Equation (1) is suitable for the simulation of laminar and turbulent flows. It coincides
with the unsteady Reynolds-averaged Navier–Stokes (RANS) equations. The components


















The effective viscosity, µe, is found as the sum of the molecular viscosity, µ, and the
eddy viscosity, µt. The effective thermal conductivity, λe, is expressed in terms of the
viscosity and the Prandtl number. The effective viscosity and thermal conductivities are
found as follows:









where cp is the specific heat capacity at constant pressure. The molecular and turbulent
Prandtl numbers are Pr = 0.72 and Prt = 0.9 for air. Sutherland’s law is used to obtain the
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where µ∗ and T∗ are the reference viscosity and temperature, and S0 is a constant deter-
mined experimentally, so that µ∗ = 1.7894× 10−5 kg/(m·s), T∗ = 273.11 K, and S0 = 110.56
K for air. The turbulent eddy viscosity is obtained from the SST turbulence model.
The velocity profiles of the vortical inviscid incompressible flow in the channel with
fluid injection are applied to a specified initial flowfield. This is a good and accurate
representation of the real flowfield in the propellant channel (propellant burning is replaced
with the fluid injection from the channel walls) [5]. The flow near the head-end of the
propellant channel is laminar, and a self-similar solution provides the distributions of the
axial and radial velocities. For a uniform injection velocity from the channel walls, vw,































where s is 0 for planar flow and s is 1 for axisymmetric flow. In Equation (2), vw is the
injection velocity on the propellant surface, vx is the axial velocity, vy is the radial velocity,
x and y are the axial and radial coordinates and h is the channel half-width or radius.
Compressibility has little affect on the flow quantities in the propellant channel where
the flow velocities are subsonic. However, compressibility has a significant impact on the
flow quantities in the nozzle where the flow velocity reaches supersonic values [37]. To take
into account the density variability in the CFD calculations, a semi-empirical correction to
the source terms of turbulence model is applied. This correction assumes that the source
terms are a function of the turbulent Mach number.
3. Optimization Procedure
The method used to construct the optimal solution is determined by the type of
mathematical model. In most cases, the mathematical model of an object is represented
as an objective function f (x), where x = {lj/Ls, αj, d1/d2, n} is the vector of the geometric
parameters and flow quantities. It is maximized or minimized (optimization criterion).
The range of permissible values x ∈ D is set, which is determined by a system of linear or
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nonlinear constraints. The complexity of the problem depends on the type of criterion and
functions that determine the permissible optimization region.
In the process of designing complex systems, the problem of multi-objective opti-
mization often arises, which is associated with the need to ensure the optimal design
according to several optimization criteria. Usually, these criteria are contradictory, and the
optimization of each of them leads to different values for the vector of varied parameters.
The optimization problem is solved in several steps:
1. The parametrization of the investigated model based on ideas about the ongoing
physical phenomena. This step allows one to automatically generate a multiblock or
unstructured mesh in the specified area;
2. The solution of a series of optimization problems for this model. The tasks are set
based on the possible modes of operation of the system under study;
3. The systematization of the best obtained options for the formation of equations describ-
ing the optimal state of the system in the specified range of the boundary conditions.
The solutions of CFD problems significantly depend on the quality of the setting of
the boundary conditions and the choice of the mesh and model parameters (for example,
the turbulence model, the mesh resolution in the near-wall region). The extrapolation of
the obtained conclusions beyond the solution of the problem requires taking into account
additional physical effects. When setting the optimization problem, it is necessary to check
various approaches and combinations of the control parameters and to determine the range
of variation of each of the values and other factors that affect the speed and quality of the
implementation of the optimization algorithm.
The use of modern computing systems to solve the Navier–Stokes equations allows
an almost unlimited number of numerical experiments with various design solutions
to be carried out, thereby replacing expensive field tests. The design of rocket engines
is subject to many constraints and requirements, which tend to conflict with each other.
The optimization problem is formulated as maximizing the specific thrust for some design
parameters. The solution to the problem is a certain combination of the geometric parame-
ters that provide the maximum values of specific thrust. For this, a sequential change in the
geometric parameters of the model is carried out, and the objective function is recalculated.
The computational procedure associated with the optimization of injection controls
is explained in Figure 2. In the first stage, the optimizer generates a vector of variable
parameters (angle and place of injection, shape of the cross-section of the injection nozzle,
pressure ratio of the injected jet), and their values are written to a file. Based on these data,
the geometry of the parametric model is automatically corrected in the Unigraphics NX
(Siemens PLM Software, Plano, US) 3D solid modeling environment and saved. This is
followed by launching the mesh generator Ansys ICEM CFD (Ansys UK Ltd, Abingdon,
UK). Due to the fact that when the configuration of the computational domain is changed,
its topology is preserved, it is possible to automatically generate the computational mesh
using the prepared script file. The process of importing the mesh and setting the types
of boundary conditions is also performed automatically using scripts. The mesh and
boundary conditions are transferred to the computational module, which solves the CFD
problem for a fixed set of parameters. The cycle is repeated with a modified vector of the
input parameters of the problem to find their optimal values.
The optimization procedure involves automatic interaction among the optimizer, mesh
generator and CFD code. The script file containing the parameterized geometric variables
and the list of commands is read by the application, which generates the computational
mesh, which is written to the file. The CFD code is then used to compute the flow on the
mesh read from the file. All settings of the mathematical model and the list of required
commands are in the script file. After receiving the converged solution, the calculations of
the output variables are performed and they are written to the output data file. The system
reads them and evaluates the data in accordance with the target optimization functions.
Iterations are performed until a converged solution and a given level of the objective
function are reached.
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Figure 2. Optimization of thrust vector control with CFD.
The function uses the conjugate gradient method to find the local extremum [38].
Since the optimization criterion is given in the form of an implicit function, the partial
derivatives at a given point are found using approximate formulas. Along with the defini-
tion of the gradient vector, the main issue is the choice of the step of movement along the
gradient. The choice of the step size depends on the type of surface (a small step requires
lengthy calculations, and a large step leads to the inaccurate determination of the position
of the extremum).
4. Geometric Model
The geometric model of the propulsion system includes a cylindrical channel of a
solid propellant with slotted holes and a submerged nozzle (Figure 3a). The geometry of
the solid propellant channel is designed to provide the required law of variation of the






Figure 3. Full geometric model (a) and geometrical model used in calculations (b).
The most interesting is the supersonic flow region where transverse jet injection takes
place. The subsonic part of the nozzle and the previous section of the propellant channel
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are not included in the computational domain (it is supposed that flow disturbances are
not transferred upstream). The calculations are carried out in the part of the domain
shown in Figure 3b. The discrepancy between the Mach numbers computed with full and
shortened domains does not exceed 1%. This confirms the possibility of the use of domain
decomposition [25].
For the specification of boundary conditions in the inlet section, the flow is calculated
in the full domain, including the propellant channel and the nozzle block (in the calcu-
lations, Re = 2.8× 106). When the injection of the secondary jet is simulated, the inlet
section of the domain is located at a sufficient distance from the injection nozzle. The mass
flow rate (ṁ = 0.32 kg/s), the total temperature (T0 = 1200 K) and the radial profiles of
the velocity and turbulence quantities computed from the axisymmetric calculations of
the flow of combustion products in the propellant channel described by Equation (2) are
specified in the inlet section of the computational domain. The static pressure is set in the
outlet section of the nozzle. In the case of a supersonic flow, the pressure in the outlet
section of the nozzle is found by extrapolating the solution from the internal nodes, and in
the case of a subsonic flow at the outlet, atmospheric pressure is used.
The total pressure p0j (this parameter varies to obtain the required pressure ratio),
the total temperature (T0j = 298 K) and turbulence quantities (the degree of turbulence is
0.1%, and the hydraulic diameter is 1.6 mm) are applied to the inlet section of the secondary
nozzle. For the velocity on the nozzle surface, the no-slip and no-penetration boundary
conditions are used. The walls of the nozzle are considered to be thermally insulated.
The characteristics of turbulence on the wall are found using the method of wall functions.
5. Computational Mesh
To generate a block-structured mesh, the physical domain is divided into a number of
nonoverlapping blocks, in each of which the mesh resolution is selected based on the gas
dynamic features of the flow. The computations of the flow in a nozzle with a transverse
injection of a jet are carried out on a mesh containing about 1.2 million cells (the mesh
step size changes insignificantly when the configuration of the injection nozzle is changed).
The mesh nodes are condensed near the throat of the nozzle and near the injection nozzle.
Mesh nodes are also thickened near the nozzle walls to properly resolve the boundary
layer. The range of variation of the variable parameters is shown in Table 1, where Ls is the
length of the supersonic part of the nozzle.






lj/Ls αj, deg d2/d1 A∗/Aa
Interval 0.1–0.9 30–160 0.5–5.5 0.1–1
The computational meshes used for the numerical simulation of gas jet injection into
the nozzle are shown in Figures 4–9 for different angles of inclination of the injection nozzle
to the axis of the main nozzle and for different distances of the injection nozzle from the
throat of the nozzle. In this case, lj is the relative distance from the critical section of the
main nozzle to the outlet of the injection nozzle, αj is the angle of inclination of the injection
nozzle to the axis of the main nozzle, d1 and d2 are the length of the small and the major
axes of the ellipse forming the outlet section of the injection nozzle and A∗ and Aa are the
areas of the critical and outlet sections of the injection nozzle. Fragment a shows meshes in
the entire computational domain, and Fragments b and c show the mesh corresponding
to the injection nozzle and the place of its interface with the main nozzle and the mesh in
the outlet section of the injection nozzle. The meshes are automatically generated from
the parameterized geometric model. The quality criteria of the constructed meshes are the
degree of cell skewness and the ratio of its sides (the difference between the mesh cell from
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a square or a cube), as well as the value of the dimensionless wall coordinate (y+ < 2 for
the SST turbulence model).
The computational meshes shown in Figures 4 and 5 differ in the place of the jet
injection and the angle of inclination of the secondary nozzle to the axis of the main nozzle.
The injection nozzle is a pipe with a circular cross-section in plan, installed at a certain
angle to the nozzle axis.
a) b)
c)
Figure 4. Computational mesh (a), mesh near injection port (b) and mesh in cross section of the
injection port (c) with lj = 0.3, αj = 90◦, d2/d1 = 1, A∗/Aa = 1.
a) b)
c)
Figure 5. Computational mesh (a), mesh near injection port (b) and mesh in cross section of the
injection port (c) with lj = 0.5, αj = 110◦, d2/d1 = 1, A∗/Aa = 1.
The computational meshes shown in Figures 6 and 7 differ in the shape of the injection
nozzle. The jet is injected through a pipe with a circular or elliptical cross-sectional shape
in plan, set at an angle to the nozzle axis.
Energies 2021, 14, 4359 10 of 22
a) b)
c)
Figure 6. Computational mesh (a), mesh near injection port (b) and mesh in cross section of the
injection port (c) with lj = 0.7, αj = 130◦, d2/d1 = 1, A∗/Aa = 1.
a) b)
c)
Figure 7. Computational mesh (a), mesh near injection port (b) and mesh in cross section of the
injection port (c) with lj = 0.7, αj = 130◦, d2/d1 = 4.5, A∗/Aa = 1.
The computational meshes shown in Figures 8 and 9 correspond to nozzles with
different area ratios. For injection, a pipe with an elliptical cross-section in plan or a
converging–diverging nozzle with an elliptical outlet section is used.
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a) b)
c)
Figure 8. Computational mesh (a), mesh near injection port (b) and mesh in cross section of the
injection port (c) with lj = 0.7, αj = 130◦, d2/d1 = 0.6, A∗/Aa = 1.
a) b)
c)
Figure 9. Computational mesh (a), mesh near injection port (b) and mesh in cross section of the
injection port (c) with lj = 0.7, αj = 130◦, d2/d1 = 0.6, A∗/Aa = 0.1.
The characteristics of the different meshes are shown in Table 2 for various distances
between the inlet section of the main and secondary nozzles, the angle of inclination of
the secondary nozzle and the shapes of the secondary nozzle. The number of nodes and
the quality of different meshes slightly depend on the geometrical configuration used in
the CFD calculations. The maximum value of the y+ coordinates is observed near the
separation region. The separation region increases if the angle of inclination of the injection
nozzle increases.
Table 2. Characteristics of different meshes.
Mesh lj αj, deg d2/d1 A∗/Aa
Number of
Nodes, mln yplus
Mesh 1 0.3 90 1 1 1.2 1.9
Mesh 2 0.5 110 1 1 1.32 1.92
Mesh 3 0.7 130 1 1 1.45 1.92
Mesh 4 0.7 130 4.5 1 1.62 2.1
Mesh 5 0.7 130 0.6 1 1.92 1.82
Mesh 6 0.7 130 0.6 0.1 2.02 2.21
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6. Numerical Method
The calculations were carried out with the in-house CFD code described and validated
in [39]. The Reynolds-averaged Navier–Stokes equations were closed with the SST turbu-
lence model [28]. Air was used as a working gas. The thermophysical properties were the
reference, taking into account their dependence on temperature.
The discretization of the governing equations was carried out using the finite volume
method and the SIMPLE (Semi-Implicit Method for Pressure Linked Equations) pressure
correction method [40]. For the discretization of convective and diffusive flows, the upwind
scheme and central scheme were used with the 2nd-order of accuracy splitting of the flow
vector by the Roe method, and for the time discretization, an implicit scheme of the 2nd-
order of accuracy was used. The system of finite difference equations was solved by the
LU–SGS method [39]. The Courant number ranged from 2 to 7.
To control the convergence of the iterative process, the discrepancy level of the
sought functions and the fulfillment of the integral equation of continuity were checked.
The calculations were terminated when the level of discrepancy of all the physical quanti-
ties decreased by three orders of magnitude, and the mismatch of the mass flow rates at the
input and output boundaries of the computational domain became less than 10−3 kg/s.
7. Results and Discussion
The results were computed with the in-house CFD code for a wide range of input
parameters characterizing the TVC system. The results of the optimization of TVC are
also presented.
7.1. Flow in the Propellant Channel
The calculations of the flow in the propellant channel with a circular cross-section and
containing slotted holes were carried out at a Reynolds number Re = 2.8× 106. The results
processed in the form of the Mach number level lines are shown in Figure 10. The flow in the
propellant channel was subsonic (M < 0.3). At the nozzle outlet, the Mach number reached
3.8. The pressure in the propellant channel varied insignificantly, being practically uniform
along the channel length (before entering the nozzle block). When flowing through the
nozzle, the temperature decreased from 3600 K in the charge channel and in the prenozzle
volume to 1772 K in the nozzle outlet section. Turbulence generation began at the section
x/L ∼ 0.6, where L is the channel length.
M
0 1 2 4
y
x
Figure 10. Contours of the Mach number in the channel and nozzle.
The flowfield in the combustion chamber and submerged nozzle of an SRM is com-
plex. The flow velocity in the propellant channel increases from the head-end leading
to nonuniform profiles of streamwise velocity. Then, flow undergoes a transition to tur-
bulence in the midsection of the propellant channel and becomes fully turbulent further
downstream. Finally, the flow velocity reaches supersonic conditions at the outlet of the
nozzle. The velocity profiles and turbulence properties affect the convective heating loads
and potential erosive burning of the propellant. The internal flowfield in the SRM was in
qualitative and quantitative agreement with experimental, theoretical and computational
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studies in which the mean velocity and turbulent kinetic energy fields have been studied.
The mean flowfield is represented by the vortical inviscid velocity profile described by
Equation (2) in the forward region of a cylindrical port rocket chamber. The simulations
performed at various mass flow rates from the propellant surface showed that the laminar
velocity profile persists in the mean flow, even if the flow is highly turbulent over the
duct cross-section.
The shape of the sonic line at various pressure drops is shown in Figure 11. The position
of the sonic line on the jet axis is at a distance of about half of the nozzle radius from its
outlet section. As the pressure drop increases, the sound line moves to the nozzle outlet.
When a certain critical pressure drop is exceeded, the shape and position of the sonic line
















Figure 11. Sound line shape at various pressure drops at nozzle pressure ratios of 2 (line 1), 2.5 (Line 2),
3 (Line 3) and 4 (Line 4).
7.2. Flow Regimes
Three different regimes of flow are observed in the propellant channel (Figure 12).
These regimes include the laminar regime (Region 1), the transitional regime (Region 2) and
the turbulent regime (Region 3). It is interesting to note that viscous effects are important
in the narrow region near the channel head-end (0 < x/h < 1/Re). The flow is laminar if
0 < x/h < 5. Then, the flow undergoes transitions to turbulence (5 < x/h < 10). Here,
there is a difference in terms of turbulence generation in the channel with solid walls and
the channel with fluid injection. In flow induced by fluid injection channel, turbulence
generation is observed away from the walls (shaded region in the picture). The region with
the maximum value of turbulent kinetic energy moves towards the wall and downstream
direction (10 < x/h < 60) because fluid injection from the propellant surface does not
allow flow disturbances to penetrate into the core region.
The profiles of axial velocity predicted with the developed model (solid lines) are
flatter in the core region and steeper in the near-wall region than those computed in vortical
flow (dashed lines). The distributions of the radial velocity computed with RANS and the
model of vortical flow are in a good agreement. Compressibility effects play an important
role in a long channel, leading to a more filled profile of axial velocity. The impact of the
Reynolds number on the profiles of the axial and radial velocities in the flow induced by
wall injection is small.
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Figure 12. Flow regimes in the channel with fluid injection and comparison of the velocity profiles
predicted with the inviscid model (dashed lines), the viscous model (solid lines) and the experiments
from [2] (symbols •).
7.3. Distributions of Flow Quantities
In the presence of the injection of a jet into the nozzle, the CFD calculations were
carried out for different angles of inclination of the injection nozzle to the axis of the nozzle,
different distances of the injection nozzle with respect to the critical section of the nozzle
and different shapes of the outlet section of the injection nozzle.
The pressure in front of the secondary jet increases, and a head shock is formed.
An oblique shock wave extends upstream from the head shock. Behind the oblique shock,
in addition to the separation region, there is a section of the supersonic zone. The sub-
sequent deceleration of the flow is accompanied by the appearance of a closing shock
wave, which is practically parallel to the jet axis. The detached bow shock and oblique
and closing shock waves, intersecting at one point, form a complex λ-shaped system of
shock waves. The pressure along the forward boundary of the jet is maximum in the region
lying behind the lower part of the closing shock [41]. In the zone adjacent to the wall,
in front of the jet, there are two vortices formed as a result of the primary and secondary
separation of the flow from the wall. The directions of movement in them are opposite,
since a part of the flow directly near the wall, passing the sections of the shock waves,
turns downward towards the wall and penetrates into the zone of separated flow, then
spreads out in opposite directions. In this case, the vortex located closer to the jet moves
counterclockwise, and the vortex located at a greater distance from the jet moves clockwise.
The Mach number contours are shown in Figure 13 for different angles of inclination
of the injection nozzle to the axis of the main nozzle (injection was carried out opposite the
main flow). An increase in the injection angle, with other parameters being the same, leads
to an increase in the size of the front separation zone, as well as to a decrease in the depth
of the penetration of the jet into the supersonic flow.





Figure 13. Contours of the Mach number for αj = 90◦ (a), 100◦ (b), 130◦ (c) and 150◦ (d).
The pressure contours for various pressure ratios are shown in Figure 14. As a result
of the injection, there is a sharp increase in pressure in the separation region located in
front of the injection nozzle,and a decrease in pressure in the separation region located
behind the injection nozzle. Depending on the pressure ratio of the injected jet, the pressure





Figure 14. Contours of static pressure for: n = 0.4, pn = 0.5 atm (a); n = 0.2, pn = 1.0 atm (b);
n = 0.2, pn = 1.5 atm (c); n = 0.1, pn = 2.0 atm (d).
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The shock wave structure is similar to those observed in [25]. The main components
of flowfield are shown in Figure 15. These components include the upstream recirculation
region (1), the bow shock (2), compression shocks (3), the curvilinear boundaries of the
secondary jet (4), the Mach disc (5), the downstream recirculation region with vortices of
various scales (6), the secondary jet (7) and the shock wave due to repeated compression
(8). The boundary layer separation occurs at point S, and boundary layer reattachment
occurs at point S.
Figure 15. Structure of the flow formed as a result of jet injection into the supersonic crossflow.
The pressure distribution along the nozzle wall is shown in Figure 16 for various
pressure ratios. The solid line corresponds to the pressure distribution in the presence
of injection and the dashed line to the pressure distribution in the absence of injection.
The comparison of the solutions obtained without viscous effects and with viscous effects
shows that taking viscous effects into account is important in the presence of boundary
layer separation in overexpansion modes. The lateral control force is formed as a result of
an increase in pressure on the nozzle surface in the separation zone between the beginning
and end of the base of the λ-shaped shock and behind it, as well as due to a decrease in
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Figure 16. Distributions of static pressure for: n = 0.4, pn = 0.5 atm (a); n = 0.2, pn = 1.0 atm (b);
n = 0.2, pn = 1.5 atm (c); n = 0.1, pn = 2.0 atm (d).
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Once the simulation has been performed, the length of the recirculation region is
easily determined via the velocity vectors or the streamline plot. In the recirculation zone,
the velocity vectors are in the opposite direction of the incident flow; however, at the end
of this zone, the velocity vectors change their direction again towards the incident flow
direction. The penetration depth of a secondary jet is defined as the distance between the
nozzle wall and the location of the Mach disk, which if formed during the entrainment
process and the interaction of the secondary jet and the supersonic nozzle flow [42].
The length of the recirculation region and the depth of jet penetration into the main
nozzle flow are presented in Figure 17. These quantities are of interest for flow mixing of
fuel and air in scramjet engines. Increasing the pressure ratio leads to an increase in the
length of the recirculation region and the depth of jet penetration.




















Figure 17. Length of the recirculation region (a) and the depth of jet penetration into the main
flow (b).
7.4. Optimization Results
The design of experiment methodology was employed to arrange the numerical cases.
The design variables include the pressure ratio in the injected jet and the main nozzle flow,
the position of the injection nozzle, the injection angle and the shape of the injection nozzle





where Fp and F0p are the primary axial thrust with and without injection. The primary axis
thrust is found as:
Fp = ṁovx + (po − pa)Ao,
where ṁo is the total outlet mass flow rate, vx is the velocity along x axis, po is the outlet
pressure and pa is the atmospheric pressure.
The thrust ratio is defined as the ratio of the side and axial forces, Fs/Fp. The side
force is found from the relation Fs = Fi + Fj, where Fi is the interaction force (side force
pressure component) and Fj is the jet reaction force (side force momentum component. The
side force pressure component is calculated as the integral over the cross-sectional area
from the pressure distribution on the nozzle wall. The side force momentum component is
defined as:
Fj = ṁsvsy + [(pos − pas)As] cos θ,
where ṁs is the secondary mass flow rate, vsy is the secondary gas velocity along the
y direction, pos is the secondary outlet pressure, pas is the atmospheric pressure at the
secondary port before injection and θ is the wall angle at the point of injection.
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The control force consists of two components. The first component is the secondary
jet thrust, and the second one is the force due to the pressure redistribution induced by
the interaction of the secondary jet with the main supersonic flow. The injection efficiency
is estimated in relation to the thrust of a conventional engine having the same flow rate
as the secondary gas flow rate and the same specific thrust as the main nozzle. The ratio
of the lateral injection force to the thrust of the corresponding conventional engine is a
gain that depends on the relative flow rate of the injected gas and the injection conditions.
The influence of the pressure ratio on the thrust amplification factor is shown in Figure 18.
It is interesting to note the presence of a negative control effort at low degrees of off-design
(at n < 0.2). The thrust characteristics are shown in Figure 19 depending on the angle and
place of injection of the jet into the supersonic part of the nozzle.













































Figure 19. Dependance of the thrust coefficient (a) and thrust (b) on the angle and location of
jet injection.
Upstream injection increases the axial thrust augmentation for the given mass flow
rate. This is explained by the efficient adiabatic expansion of the secondary jet. The thrust
amplification factor increases if the injection port moves downstream due to inefficient
adiabatic expansion of the secondary jet and the increase of the side force.
The axial thrust augmentation increases as the injection angle decreases to 45◦. This is
due to the relatively higher parallel velocity to the nozzle axis component of the injected
gas. The thrust ratio increases (negative due to shock impingement or positive for no
impingement) by the increase in the injection angle as the side force increases (negative or
positive). The rate of increase in the interaction force is more than the rate of decrease in
the jet reaction force due to the inclination as the injection angle increases to 135◦.
The influence of the injection nozzle shape on the nozzle thrust gain is shown in
Figure 20. With an increase in the ratio of the major and minor axes of the ellipse, the thrust
amplification factor monotonically increases. Some results are also summarized in Table 3.
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Figure 20. Dependance of the thrust coefficient on the shape of the injection nozzle.
Table 3. Thrust coefficient as a function of the shape of the injection nozzle.





The dependence of the thrust amplification factor on the relative distance of the
injection site from the nozzle outlet lj has a maximum. A decrease in the thrust amplification
factor at small lj is associated with incomplete use of the disturbed zone, and a decrease in
K at large lj (injection is performed close to the critical section of the nozzle) leads to the
movement of the transition of the disturbed zone to the opposite side of the nozzle flare.
The thrust amplification factor increases monotonically with an increase in the injection
angle αj up to α = 180◦, and in the range α = 60–130◦, the change in the gain is almost
linear and is approximately 7% for every 10◦ blowing.
There is an optimal angle of inclination of the axis of the injection nozzle and the
corresponding control force. With an increase in the injection angle, the front separa-
tion zone lengthens, and the pressure in it increases, since the separation point shifts
upstream into the region of high pressures, which leads to an increase in the control force.
The displacement of the front boundary of the stagnant zone to the throat of the nozzle
leads to an increased transverse expansion of the disturbed region.
8. Conclusions
An approach was developed to optimize the geometric parameters of the control
system based on the combined use of modern computational CFD methods for the nu-
merical solution of the Navier–Stokes equations and optimization algorithms. Numerical
modeling of the injection of a supersonic underexpanded gas jet into the diverging part
of the nozzle was carried out. In the calculations, the pressure ratio of the injected jet, the
angle of inclination of the injection nozzle to the axis of the main nozzle, the distance of
the injection nozzle from the critical section of the main nozzle and the shape of the outlet
section of the injection nozzle vary.
The results computed show that the pressure ratio is the most important variable in
the design of TVC. The effect of the geometric parameters (injection angle and injection
location) on the structure of nozzle flow and the performance of the TVC system was
investigated. The location of the injection port has a significant impact on the thrust. If the
injection port is located too far downstream, this leads to the formation of reversed flows
on the nozzle outlet. The reversed flow reduces the performance of TVC. To achieve a
better performance of TVC, it is desirable to avoid the impingement and reflection of shock
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waves. A good performance characteristic requires the alignment of the upstream injection
of the secondary jet with the centerline of the main nozzle (high injection angles) and
moderate mass flow rates of the injected gas.
A more accurate turbulence simulation is required to capture physical phenomena.
Applications of the Reynolds stress model or vortex-resolving techniques such as detached-
eddy simulation or large-eddy-simulation allow accounting for the anisotropy of eddy
viscosity and resolving the time evolution of the flowfield. The obtained distributions
of flow quantities are of interest for the design of thrust vector controls based on jet
injection into a supersonic flow, as well as for further calculation of the stress–strain and
thermoelastic state of the structure.
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Abbreviations
The following notations are used in this manuscript:
A Area
Aa Area of outlet section
A∗ Area of critical section





k Turbulent kinetic energy
l Distance between inlet section and secondary nozzle




Prt Turbulent Prandtl number
q Heat flux




vx, vy, vz Velocity components
vw Injection velocity
x, y, z Cartesian coordinates
α Angle of nozzle inclination





τij Components of viscous stress tensor
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